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Abstract.
We analyse the parity-odd (“type P”) surface anomalies of the energy-momentum tensor correlators in
conformal field theories, with an emphasis on d = 4 and d = 3 dimensional spacetimes. Using cohomology
analysis we construct the expression for the most general P-type surface trace anomaly on a singular 2-
dimensional surface in 4-dimensional bulk spacetimes. As an important example, we specialise to the case
when the singular surface is a conical defect and show that the bulk P-type Pontryagin trace anomaly
induces such a surface trace anomaly. We show that this conical type P surface trace anomaly is given
purely by the outer curvature tensor. In addition, we analyse parity-odd surface contact terms in energy-
momentum tensor correlators in the flat spacetime induced by the conical defect by studying two special
cases in which the contact terms are induced by, (1) type P trace anomaly in d = 4 and, (2) gravitational
Chern-Simons Lagrangian term in d = 3 spacetime dimensions. In both cases we show that the surface
contact terms appear in correlators of the lower rank than the corresponding bulk surface terms.
1
1 Introduction
It is known that when a quantum field theory is defined on the curved spacetime, an expectation value
of the energy-momentum tensor may receive quantum corrections in the form of local terms. Some of
these terms break classical symmetries of the theory, the well-known example being the trace (also called
Weyl) anomaly in conformal field theories in even number 2k of the spacetime dimensions [1–6]:
〈T µµ (x)〉g = A(x) (1)
Here Tµν is the energy-momentum tensor of the theory, and A is the trace anomaly which is generally
some combination of monomials of k-th order in the Riemann tensor. The terms in the anomaly A are,
therefore, local covariant expressions constructed from the background metric gµν , the Riemann tensor
and covariant derivatives.1 A may come in three types: type A which is the k-th Euler invariant, type B
which consists of contracted tensor products of the Weyl tensor, and type P consisting of exterior products
of the Riemann curvature two-forms. The types A and B are parity-even, while type P is parity-odd and,
although allowed by consistency conditions, was until recently usually neglected in the literature.
Last decade witnessed a renewed interest in gravitational mechanisms of CP violation, see e.g., [7–15],
including studying possibilities and consequences of the appearance of the type P anomalies [3,5,16–21].
Indeed, in [20, 21] an old result of [22] was rederived and it was shown that in 4-dimensional quantum
field theories with chiral fermions in which the numbers of left and right chiralities are not the same, type
P anomalies are indeed present.
It is of interest to study non-regular spacetimes containing singular submanifolds. Singular structure
may arise from the matter localised on the surface or from the topology, example of the former being
branes and of the latter orbifolds. In some instances, possibly after analytical extensions, these singular
surfaces are equivalent to the conical defects. One notable example is provided by the replica method
[23] for the calculation of the entanglement entropy (for reviews see [24, 25]), in which one effectively
(by analytical continuation) introduces the conical singularity on the entangling surface (which is a
codimension-2 submanifold) with a deficit parameter α and calculates the linear term in the expansion
in (1− α).
In the presence of a singular surface Σ the trace anomaly receives also surface contributions localised
on Σ, an example of which is given by the so called Graham-Witten anomalies [26]. In d = 4 dimensions
a generic cohomology analysis of the parity-even surface trace anomalies connected with codimension-2
singular surfaces was performed in [27]. One purpose of this paper is to extend this analysis to the
parity-odd sector and in this way complete the construction from [27]. We also calculate the parity-odd
surface trace anomaly in the important case of conical singularity in d = 4.
Singular surfaces generally also induce surface contact terms in correlation functions of the energy-
momentum tensor in the flat spacetime. In fact, as was observed in the case of the conical singularity
in [28], in the flat spacetime surface contact terms appear in the correlation functions one point lower than
the corresponding bulk contact terms. This is an interesting property which may have some important
uses in the future. We analyse and demonstrate this feature in the parity-odd sector on the two important
examples containing a codimension-2 singular surface, (1) surface contact terms induced by the surface
trace anomaly in d = 4, and (2) surface contact terms induced by the presence of the gravitational Chern-
Simons terms in the quantum effective action in d = 3 when the singular surface is a conical singularity.
We perform calculations using two methods, first developed in [29] and the second in [30]. A side result
of agreement of the two calculations is a non-trivial confirmation of the validity of both methods in the
parity-odd sector.
1Our conventions are as follows. The Riemann tensor is Rµανβ = ∂νΓ
µ
αβ − . . . and the Ricci tensor is Rµν = R
µ
αµβ .
The energy-momentum tensor is defined by Tµν = 2g−1/2δS/δgµν , where S is the action, and so 〈Tµν 〉 = 2g−1/2δW/δgµν
where the functional W [g] is defined byW [g] = − lnZ[g] = − ln
∫
Dφ exp(−S). All calculations in this paper are performed
in the Euclidean time.
2
2 Bulk and surface trace anomalies
2.1 Trace anomalies in general
Let us assume that an otherwise regular (“bulk”) spacetime M with the metric gµν contains a singular
surface Σ, for which in this paper we shall assume to be codimension-2. A consequence is that some local
quantities get contributions localised on Σ. Let us focus on a trace anomaly of a CFT defined on such a
spacetime,2
Aω = 2 δω lnZ[g] =
∫
M
ω 〈T µµ 〉 (2)
where Z[g] is the generating functional of the CFT on the spacetime with the metric gµν , and ω(x) is
an infinitesimal local parameter of the Weyl transformation δgµν = ω gµν . In the presence of a singular
surface, the trace anomaly in general receives the bulk and the surface contributions,
Aω = A(b)ω +A(Σ)ω , (3)
which are local functionals defined as
A(b)ω =
∫
M
ωA(b)
A(Σ)ω =
∫
Σ
ωA(Σ) +
∫
Σ
∇µωA(Σ)µ + · · · (4)
The dots · · · above denote the terms which include the second or the higher derivatives of ω. Observe
that in the case of the surface terms one cannot in general shift the derivatives acting on ω to the anomaly
density by using partial integration, as is always possible for the bulk term.
In general, possible terms that can appear in the trace anomaly are restricted by the dimension, and
by the consistency conditions. For the diffeomorphism covariant theories, in which the diff-anomaly is
vanishing, consistency conditions reduce to
δωAω = 0 , (5)
where ω is treated as an anticommuting variable satisfying δωω = 0. The “true” anomaly consists of the
terms which are not exact with respect to δω, i.e. one has to subtract all the terms which can be written
as δωC, where C is some diff-covariant density.
Cohomology analysis of the bulk anomalies has been thoroughly studied and it is known that possible
terms in A(b) fall into three-classes: type A, consisting of the Euler densities; type B, consisting of the
Weyl-invariant terms; type P, consisting of the parity-odd terms. In d = 4, the most general form for the
bulk trace anomaly is:
A(b) = − a
64
E2 +
c
64
(Wµνρσ)
2 + pP2 (6)
where a, c and p are constants depending on the CFT in question, E2 is the second Euler scalar (Gauss-
Bonnet scalar), Wµνρσ is the Weyl tensor, and P2 is the Pontryagin (pseudo)scalar
P2 =
1
2
√
g
εµνρσ Rαβµν R
αβ
ρσ . (7)
Here, εµνρσ is the Levi-Civita symbol (with components equal 0 or ±1). The first two terms in (6) are
the type A and the type B bulk trace anomalies, respectively, which are parity-even, while the third term
is the parity-odd type P bulk trace anomaly.
As for the surface anomalies, the cohomology analysis is not known in such detail as in the bulk case.
The situation is more involved as it depends on the dimensionality of Σ and also because building blocks
include both extrinsic and intrinsic geometric quantities which complicates constructions. Again, surface
anomalies can be divided in type A, B and P, in the same manner as for the bulk part.
2We assume Euclidean time, and so spacetimes will be Riemannian in this paper.
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2.2 Codimension-2 surface trace anomalies in d = 4
Let us now focus our attention on a particular case of the codimension-2 surface anomalies in d = 4,
where Σ is a 2-dimensional singular surface. The relevant geometric objects include the first fundamental
form (i.e. the induced metric) γµν and the corresponding intrinsic Ricci curvature scalar Rˆ, the Weyl
tensor contracted with the induced metric W , the second fundamental form (i.e. the extrinsic curvature)
Kµνα and the outer curvature pseudoscalar Ω.
3 From the dimensional analysis, it is easy to see that
higher order curvatures are irrelevant here.
The cohomology of the parity-even sector was analysed and classified in [27] with the result that the
terms with derivatives of ω are not present and A(Σ) is built out of the following densities:
(type A) : Eˆ1 = Rˆ (8)
(type B) : W = γµργνσWµνρσ , (Cµνα)
2 = (Kµνα)
2 − 1
2
(Kα)
2 (9)
So, the general form of the parity-even surface trace anomaly in this case is:
(A(Σ)ω )even =
∫
Σ
ω
[
k1Eˆ1 + k2W + k3(Cµνα)
2
]
(10)
where ka are the coefficients that depend both on the theory and on the properties of the singular surface.
We want to complete the analysis by finding the most general expression for the parity-odd (type P)
surface trace anomaly. Now, it is not hard to see that there are just three linearly independent candidate
terms which have the proper dimension:∫
Σ
ωΩ ,
∫
Σ
ω ǫµναβKµραKν
ρ
β and
∫
Σ
ǫαβ ∇αωKβ . (11)
Here ǫαβ is the binormal on Σ and Ω is the outer curvature pseudoscalar, defined on Σ, which is obtained
from the outer curvature tensor Ωµναβ through
4
Ω ≡ 1
2
ǫµναβ Ωµναβ (12)
The first and the second term in (11) indeed satisfy (5), but the third term does not and it drops out.
It may appear that there is one more potential candidate
ǫµνρσγαµ γ
β
ν n
λ
ρ n
κ
σ Rαβλκ (13)
where nµν = gµν − γµν , which indeed satisfies the consistency condition, but it is not independent and
so we leave it out. One can see this by using the Ricci equation
Ωµνρσ = γ
α
µ γ
β
ν n
λ
ρ n
κ
σ Rαβλκ +KµτρKν
τ
σ −KµτσKντ ρ (14)
which contracted with the Levi-Civita tensor gives
ǫµνρσγαµ γ
β
ν n
λ
ρ n
κ
σ Rαβλκ = 2Ω− 2 ǫµνρσKµτρKντσ (15)
We see that the candidate (13) can be written as a linear combination of those in (11).
3The mathematical definitions and properties of these objects can be found in [31, 32]. In our notation the extrinsic
curvature is Kµνρ = γµαγνβ∇αγβρ. The outer curvature Ωµνρσ is defined using (D˜µD˜ν − D˜νD˜µ)Xρ = ΩµνρσX
σ , for Xµ
normal i.e. γµνXν = 0. Here, the derivative D˜ is defined to act on normal vectors as D˜µXν = γµαnνβ∇αXβ , and on
tangential-normal Xβσ (where nµ
βXβσ = 0 and γρ
σXβσ = 0) as D˜µXνρ = γµ
αγνβnρσ∇αXβσ.
4Note that Ωµναβ has only one independent component, so Ω contains the complete information about the outer curvature
tensor.
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So, our final result of this section is that in the parity-odd sector there are no terms containing
derivatives of ω, and A(Σ) is built out of the following two terms:
(type P) : Ω , ǫµναβKµραKν
ρ
β (16)
which means that the general form of the parity-odd surface trace anomaly in d = 4 on 2-dimensional
singular surfaces is given by
(A(Σ)ω )odd =
∫
Σ
ω
(
k˜1Ω+ k˜2 ǫ
µναβKµραKν
ρ
β
)
. (17)
Again, the coefficients k˜1,2 in general depend both on the theory in hand and on the properties of the
singular surface Σ. In the next section we shall calculate them for the particular case when Σ is a conical
defect surface.
3 Surface trace anomalies for conically singular surfaces
3.1 Conical defects
We want to present an explicit example where the type P surface trace anomalies are present, and for
this we take an important example of spacetimes with conical singularities.
We assume that in otherwise regular d-dimensional spacetime M0 with metric gµν a conical defect
with an angle deficit 2π(1−α) is introduced in a standard fashion such that there is a (d−2)-dimensional
singular surface Σ (the “tip of the cone”). The spacetime with a conical singularity is denoted by Mα,
and the singular surface Σ by C. When necessary, we shall use the local coordinates xµ, µ = 1, . . . , d in
which Σ is defined with x1 = x2 = 0 and the conical defect is described by having an angle deficit in
x1-x2 plane.
We shall be interested in the integrals overMα of local functions F of the curvature scalars constructed
out of gµν , Levi-Civita tensor ǫµ1···µd , Riemann tensor Rµνρσ and covariant derivatives ∇µ. It was shown
in [33] that in the leading order in 2π(1− α) such integrals can be split into the bulk part (integral over
M0) and the surface part (integral over Σ) by using the following formula
∫
Mα
F =
∫
M0
F + 2π(1− α)
∫
C
{
∂F
∂Rµρνσ
ǫµρ ǫνσ − 2
∑
r
(
∂2F
∂Rµ1ρ1ν1σ1 ∂Rµ2ρ2ν2σ2
)
r
Kρ1σ1λ1 Kρ2σ2λ2
qr + 1
× [(nµ1µ2 nν1ν2 − ǫµ1µ2 ǫν1ν2)nλ1λ2 + (nµ1µ2 ǫν1ν2 + ǫµ1µ2 nν1ν2) ǫλ1λ2]
}
+O
(
(1− α)2) (18)
Summation over r and the definition of the parameter qr are explained in [33]. As in our examples F
will be linear or quadratic in Riemann tensor, we can put qr = 0. We shall be interested only in the
lowest-order correction in the expansion over (1− α).
It is useful to introduce two orthonormal vector fields, nµ(a), a = 1, 2, which constitute a basis in the
subspace of vectors normal to Σ. Then one can write
nµν =
2∑
a=1
n
µ
(a)n
ν
(a) , ǫµν =
2∑
a,b=1
n
µ
(a)n
ν
(b) εab (19)
where εab is the two-dimensional Levi-Civita symbol. Using this it is easy to prove a useful relation
ǫµνǫρσ = nµρnνσ − nµσnνρ (20)
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3.2 Conical trace anomaly in d = 4
We now focus on the CFT defined on the four dimensional curved spacetime Mα which contains the
conical singularity located on the 2 dimensional surface Σ = C, as described in the previous section.
As the trace anomaly (6) has a purely geometric description in a regular spacetime, we assume that it
preserves its form also in the presence of the conical singularity, in the sense of the regularisation of the
spacetime already implicit in Dong’s formula (18). This means that the integrated anomaly is given by:
Aω =
∫
Mα
ω
(
− a
64
E2 +
c
64
(Wµνρσ)
2 + pP2
)
(21)
We want to extract the surface contributions to the trace anomaly. In the cases of the type A and B
conical surface trace anomalies the results are known and can be found in [34,35]. Here we shall complete
the analysis in d = 4 by calculating the type P conical surface trace anomalies. The easiest way to
achieve this is by applying Dong’s formula (18) on (21). A tedious but straightforward calculation gives
the following result
(A(C)ω )odd = 4π p (1− α)
∫
C
ω ǫµνρσ
(
γαµ γ
β
ν n
λ
ρ n
κ
σ Rαβλκ + 2KµτρKν
τ
σ
)
(22)
The first and the second term separately come from the first and the second term in (18), respectively.
By using (15) we can write our result for the integrated type P conical surface anomaly in the more
compact and suggestive form using just the outer curvature tensor
(A(C)ω )odd = 8π p (1− α)
∫
C
ωΩ (23)
The pseudotensor Ω was defined in (12). Comparison with the generic formula (17) for the surface trace
anomaly in d = 4 shows that for the conical anomaly one has k˜1 = 8π p (1 − α) and k˜2 = 0.5 We see
that in the case of the conical singularity, the parity-odd surface trace anomaly is a direct consequence
of a presence of the parity-odd bulk trace anomaly, and is completely determined by it. As already
mentioned, there is now a strong evidence [20,21] that CFT’s with chiral fermions indeed possess such a
bulk anomaly.
It is interesting to note that the outer curvature scalar Ω can be written as the total 2-dimensional
gradient, and so is in some sense an outer analogue of the Euler term in d = 2 (which is an intrinsic
Ricci scalar) [31]. As the conical surface type A anomaly is purely given by the intrinsic Ricci scalar, it
is maybe not surprising that the type P anomaly is given purely by Ω. Moreover, Penrose showed that
generally the spinor approach leads naturally to the construction of a single complex curvature invariant
on 2-dimensional submanifolds whose real part is the Euler term (the intrinsic Ricci scalar) and imaginary
part is the outer curvature scalar Ω [37]. We believe that there is some interesting mathematics here
worthy of detail studying, but we leave such questions to our future research.
4 Correlation functions in a flat spacetime
As is well-known, the local terms in the 1-point energy-momentum correlation function on a curved
spacetime induce contact terms in higher-rank energy-momentum correlation functions on a flat space.
Our definition of correlation functions in the flat space is such that
〈Tµ1ν1(x1) . . . Tµnνn(xn)Tµν(x)〉 = (−2)n
δ
δgµ1ν1(x1)
· · · δ
δgµnνn(xn)
〈Tµν(x)〉g
∣∣∣∣
gµν=δµν
(24)
Of course, if 〈Tµν(x)〉 contains both bulk and surface local terms there will be corresponding bulk and
surface contact terms. Eq. (24) is telling us that in the case of the surface contact terms generated by the
5Between the first and the second version of our paper a reference [36] appeared, with some results partially overlapping
with ours. Though the motivation and notation are different, the results there are in agreement with ours.
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surface trace anomaly in d = 4 one should expect from (10) and (17) that they will appear already in the
2pt energy-momentum correlation functions, while from (6) one expects that the bulk contact terms start
at the 3pt functions. The fact that in general number of dimensions d, the surface contact terms start to
appear in the correlation functions of one rank less than the bulk terms was noted in the reference [28]
and then elaborated in [29] in the case of the contact terms connected with the parity even conical surface
trace anomalies. This also follows from Dongs formula (18), which we will use for studying parity odd
surface contact terms.
In this section we further demonstrate this phenomenon, of surface contact terms appearing “before”
bulk surface terms in energy-momentum tensor correlation functions, on two examples. One example is
the contact term in d = 4 connected with the type P surface trace anomaly, and the other is the specific
contact term in d = 3 appearing when an effective action contains the gravitational Chern-Simons term.
Let us emphasize that the correlators defined in (24) are, strictly speaking, not equal to standard T -
ordered correlation functions. However, the difference is irrelevant for the calculation of the contact
terms which we present in the rest of the section.
4.1 Conical surface contact terms in d = 4
4.1.1 Method 1
According to (24), the presence of the bulk trace anomalies in d = 4, given in (6), obviously induces bulk
contact terms in the energy-momentum tensor correlation functions of the type
〈Tµ1ν1(x1) · · ·Tµnνn(xn)T ρρ (x)〉 = (−2)n
δ
δgµ1ν1(x1)
· · · δ
δgµnνn(xn)
〈T ρρ (x)〉g
∣∣∣∣
gµν=δµν
(25)
when n ≥ 2. In addition, when the singular surface Σ is present one expects also that the surface contact
terms are present. In the parity-odd sector we showed that in this case the trace anomaly is given by
(〈T ρρ (x)〉g)odd = pP2(x) +
(
k˜1 Ω(x) + k˜2 ǫ
µναβKµραKν
ρ
β
)
δΣ (26)
Here δΣ is the covariant Dirac δ-function localised on the 2-surface Σ.
We shall now show that the term proportional to k˜1 induces nonvanishing surface contact terms in
(25) also for n = 1 correlation functions. To calculate this contribution we use the relation (15) and note
that the term proportional to k˜2 obviously does not contribute in (25) with n = 1, because Kµρα = 0 in
the flat spacetime. Using the formula
δRαβγκ(x
′)
δgµν(x)
∣∣∣∣
gµν=δµν
= −1
4
(δαµ δκν ∂γ∂β + δβµ δγν ∂κ∂α)δ
(4)(x− x′) + (µ↔ ν)− (γ ↔ κ) (27)
and the fact that in the flat space Rµνρσ = 0, we obtain(〈Tµν(x)T ρρ (x′)〉)odd = −k˜1 εµγρσ nρν nσβ δΣ ∂β∂γδ(4)(x− x′) + (µ↔ ν) (28)
Now we choose the coordinates such that Σ is defined by x1 = x2 = 0. Then, δΣ = δ(x1)δ(x2) and we
can take nµ(1) = (1, 0, 0, 0) and n
µ
(2) = (0, 1, 0, 0). Using all this (28) becomes(〈Tµν(x)T ρρ (x′)〉)odd = −k˜1 ε˜µa εˆνaˆ δ(x1)δ(x2) ∂a∂aˆδ(4)(x− x′) + (µ↔ ν) +O((1 − α)2) (29)
where aˆ = 1, 2 denotes directions normal to Σ, while a = 3, 4 denotes directions tangential to Σ, and
εˆ and ε˜ are 2-dimensional Levi-Civita symbols living on normal and tangential space, respectively (the
binormal and the volume form on Σ, respectively)
εˆ12 = 1 , εˆµa = 0 , ε˜34 = 1 , ε˜µaˆ = 0 (30)
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In the special case of the conical surface trace anomaly we have shown that
k˜1 = 8π(1− α) p (31)
From the expression (29) it is obvious that the correlation function is nonvanishing only if one of the
indices µ or ν is normal while the other one is tangential to Σ. One of the consequences is that the trace
of (29) vanishes (〈T µµ (x)T νν (x′)〉)odd = 0 (32)
As it was shown in [29] that the same is true for the type B anomaly, the only contribution to the trace
of the n = 1 correlation function comes from the type A anomaly.
4.1.2 Method 2
As argued in [30], there is a correspondence between the correlation functions on the flat space with and
without the conical defect. This can be used to check the result from the previous section for the case of
the conical surface trace anomaly. The correspondence is given through the relation
P〈O1(x1) . . .ON (xN )〉Mα = 〈O1(x1) . . .ON (xN )K0〉 (33)
where
P = − lim
α→1
∂
∂α
(34)
and the operator K0 is
K0 = −2π
∫
dd−2y
∫ ∞
0
dz1z1T22(z1, z2 = 0, ~y) (35)
Here, the directions 1 and 2 are normal while the directions 3, . . . , d are tangential to the conical defect
surface Σ, and ~y = (z3, . . . , zd).
Applying this to the particular case of the parity-odd contribution to the correlation functions of
the energy-momentum tensor in d = 4 enables us to check the result from the last subsection by an
independent method. From (33) follows
P (〈T ρρ (x)Tµν(y)〉Mα)odd = −2π
∫
dz3
∫
dz4
∫ ∞
0
dz1z1〈T ρρ (x)Tµν(y)T22(z1, z2 = 0, z3, z4)〉 (36)
For clarity, we denote the correlation functions on the spacetime with the conical singularity with the
subscript Cα. Now, from (6) it can be shown that in the regular flat spacetime one has
〈T ρρ (x)Tµν(y)Tρσ(z)〉odd = 2p εµραβ(∂σ∂ν − δσν∂2)[∂αδ(4)(x− y) ∂βδ(4)(x − z)]
+ (ρ↔ σ) + (µ↔ ν) (37)
where the differential operator inside the round brackets is explicitly given by
∂σ∂ν − δσν∂2 ≡ ∂
∂yσ
∂
∂zν
− δσν ∂
∂yκ
∂
∂zκ
(38)
Plugging (37) into (36) we obtain
P (〈T ρρ (x)Tµν(y)〉Mα)P−odd = −8π p εµ2αβ
∫ ∞
−∞
dz3
∫ ∞
−∞
dz4
∫ ∞
0
dz1z1 ×
×(∂2∂ν − δ2ν ∂σ∂σ)
[
∂αδ
(4)(x− y) ∂βδ(4)(x− z)
]
+ (µ↔ ν) (39)
Let us concentrate on the first two lines in (39). Observe that β 6= 3 or 4 because of the integrations over
z3 and z4, and β 6= 2 due to the Levi-Civita symbol, so it must be that β = 1. From this follows that µ
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and α must be tangential to the surface of the defect, i.e., µ = 3 and β = 4 or vice versa. Moreover, it
can be shown that ν 6= 3 or 4 because of the integration over z1. Taking all this into account, and using∫ ∞
0
dz1z1
∂2
∂z21
δ(x1 − z1) = δ(x1) (40)
it is easy to show that (39) becomes
P (〈T ρρ (x)Tµν(y)〉Mα)odd = −8π p ε˜µa εˆνaˆ δ(x1)δ(x2) ∂aˆ∂aδ(4)(x− y) + (µ↔ ν) (41)
where as before aˆ = 1, 2, a = 3, 4, and the 2-dimensional Levi-Civita symbols are those defined in (30).
From (39) and (34) and the fact that the bulk part of the 2-point correlation function vanishes in the
limit α→ 1 it follows that integration over α gives in the lowest order in (1− α) the following result(〈T ρρ (x)Tµν(y)〉Mα)odd = −8π(1− α) p ε˜µa εˆνaˆ δ(x1)δ(x2) ∂aˆ∂aδ(4)(x − y) + (µ↔ ν) (42)
where we have used 2-dimensional Levi-Civita symbols defined in (30). As expected, the result is the
same as the corresponding one obtained by the Method 1 in the Sec. 4.1.1 (see Eq. (29)-(31)).
4.2 Conical surface contact terms in d = 3
4.2.1 Method 1
When 3-dimensional QFT’s are defined in a curved spacetime, expectation value of the energy-momentum
tensor may develop a parity-odd contribution of the form
〈Tµν(x)〉odd = iw
48π
εαβ(µ∇βRαν) = −
iw
48π
Cµν (43)
where Cµν is known as the Cotton-York tensor. As the integer part of the coefficient w can be removed
by adding to the classical action a local counterterm, which is the well-known gravitational Chern-Simons
term, it is sometimes stated that w is defined modulo 1 [17].6 It is known that in regular spacetimes the
Cotton-York tensor is traceless and covariantly conserved
Cµ
µ = 0 , ∇µCµν = 0 (44)
so as a consequence (43) does not contribute to the trace anomaly, which is expected from the general
theorem stating that there are no trace anomalies in CFT’s defined in odd-dimensional spacetimes.
Now we add into the spacetime a conical defect with the deficit angle 2π(1− α) in the same manner
as before. By assuming that (43) is valid also when the conical defect is present, and using
(Rµν)Cα = Rµν + 2π(1− α)nµν δΣ + (terms containing the second fundamental form) (45)
which follows from Dong’s formula (18), we obtain that for the flat metric gµν = δµν
(〈Tµν(x)〉Mα)odd =
iw
24
(1− α) εαβ(µ ∂β
(
nαν) δΣ
)
=
iw
48
(1− α) εˆνaˆδµ3∂aˆ[δ(x1)δ(x2)] + (µ↔ ν) (46)
where in the second equality we used (30) and also the vanishing of the second fundamental form. Again,
this expression is nonvanishing only if one of the indices is in the normal direction (1 or 2) while the other
one is in the tangential direction (3). It is easy to see that (46) is traceless and covariantly conserved.
This means that, as expected, it will not contribute to the trace anomaly.
6Arguments based on the path integral quantisation suggest that (i) the coupling constant of the purely gravitational
Chern-Simons Lagrangian term in all odd spacetime dimensions is imaginary in the Euclidean regime, and (ii) the value of
the coupling is quantised [10]. The parametrisation used in (43) is such that the contribution to w from the Lagrangian
gravitational CS term must be an integer [38] if the only restriction on the spacetime is that it is a spin manifold.
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4.2.2 Method 2
For a CFT defined in a regular flat spacetime a consequence of (43) is [5, 17]
〈Tµν(x)Tαβ(y)〉odd = iw
192π
ǫµασ(∂ν∂β − δνβ∂2)∂σδ(3)(x− y) + (µ↔ ν) + (α↔ β) (47)
Now we can use the correspondence (33) to independently calculate the expectation value of the energy
momentum tensor in a flat space with a conical singularity. In this way we obtain
P〈Tµν(x)〉Mα = 〈Tµν(x)K0〉 = −2π
∫ ∞
−∞
dy3
∫ ∞
0
dy1 y1 〈Tµν(x)T22(y1, y2 = 0, y3)〉 (48)
By using (47) we obtain
〈Tµν(x)K0〉odd = − iw
48
εµ2σ(∂ν∂2 − δν2∂2)
∫ ∞
−∞
dy3
∫ ∞
0
dy1 y1 ∂
σδ(3)(x− y)
∣∣∣
y2=0
+(µ↔ ν) (49)
Now, σ 6= 3 and ν 6= 3 because integration over y3 would be vanishing. From this follows that σ = 1 and
one gets
〈Tµν(x)K0〉odd = iw
48
δµ3(∂ν∂2 − δν2∂a∂a)
[
δ(x2)
∫ ∞
0
dy1 y1 ∂
1δ(x1 − y1)
]
+ (µ↔ ν)
=
iw
48
δµ3εˆνaˆ∂
aˆ[δ(x1)δ(x2)] + (µ↔ ν)
=
iw
48
εµαβ n
α
ν ∂
βδΣ + (µ↔ ν)
where a = 1, 2 and δΣ = δ(x1)δ(x2) in the particular Cartesian coordinates we use here. Plugging this
into (48), using (34) and integrating over α we obtain that in the leading order in (1−α) the final result
is
(〈Tµν(x)〉Mα )odd =
iw
48
(1 − α) δµ3ǫˆνa∂a[δ(x1)δ(x2)] + (µ↔ ν)
=
iw
48
(1 − α) ǫαβµ nαν ∂βδΣ + (µ↔ ν)
=
iw
24
(1 − α) ǫαβ(µ ∂β
(
nαν) δΣ
)
(50)
We see that the final result is the same as the one obtained by the Method 1, which is (46).
5 Conclusion
The expectation value of the energy-momentum tensor on a curved spacetime may receive quantum
corrections in the form of local terms. The well-know examples are the trace and diff- anomalies, which
break the classical symmetries of the theory. In some instances, e.g. in theories in four dimensions with
unequal number of left and right chiral fermions, the parity breaking gravitational terms appear.
We have studied some consequences of the presence of singular surfaces for quantum field theories in
curved spacetimes, focusing on the parity violating sector. In particular, we have studied a parity-odd
contribution to the trace anomaly of the conformal field theories, which we dubbed the type P surface
trace anomaly. By analysing the consistency condition we have found the most general form for the type
P surface trace anomaly in four dimensions. To have an example at hand, we have analysed the special
case when the singular surface is due to conical singularities, which are important in its own right, and
obtained the exact result for the type P conical surface trace anomaly. This surface anomaly appears only
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when the theory contains parity violating bulk trace anomaly and it turns out that it can be expressed
fully by the outer curvature tensor, an interesting property which deserves further studying.
In the second part of the paper we have studied, on the two examples, the influence of singular surfaces
on the parity violating contact terms in energy-momentum correlation functions on the flat spacetime.
One example consists of the surface contact terms in four dimensions connected with the type P surface
trace anomalies. The second example consists of the surface contact terms generated by the presence of
the gravitational Chern-Simons term in the effective action in the three dimensional flat spacetime. In
the case of the conical singularity, we were able to perform calculations by using two methods, one purely
geometrical and the other using the connections between correlation functions in the flat spacetime with
and without conical singularity. The agreement of the results gives a non-trivial confirmation of the
validity of both methods in the parity-odd sector.
Generalisations of our analyses to higher spacetime dimensions are possible, as type P trace anomalies
are expected to be present in 4k dimensions, while gravitational Chern-Simons terms in effective actions
are expected to be present in (4k − 1) dimensions [9,12,16]. However, computations become much more
complicated so we left this to the future work.
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